We address the problems of optimal inventory planning and hedging inventory risk for a discretionary purchase item when its demand is correlated with the price of a financial asset. We use the newsvendor framework for analysis. We derive optimal hedging transactions that minimize the variance of profit and increase the expected utility for a risk-averse decision-maker. We also show that for a wide range of hedging strategies, a risk-averse decision-maker with CARA or DARA preferences orders more inventory when he/she hedges the inventory risk. Our results are useful to both risk-neutral and risk-averse decision-makers because: (1) The price information of the financial asset is used to determine both the optimal inventory level as well as the hedge. (2) Incorporating this information enables the decision-maker to update the demand forecast with changes in the price or the volatility of the asset. (3) The approach leads to lower risk and higher return on inventory investment. We illustrate these benefits with an example using data from a retailing firm.
1 Introduction same forecasting model can be used to construct a hedge against inventory risk. The hedge reduces the variance of profit and increase the expected utility for a risk-averse decision-maker. Finally, we present an example using data from a retailing firm to quantify the impact of our results on forecasting demand, optimal inventory planning, risk reduction and return on investment.
We find that incorporating the price information of the asset in the forecasting model does not necessarily reduce the forecast error of demand because the price of the asset is a random variable.
However, it enables the retailer to update the demand forecast with changes in the price of the asset or the volatility of the asset. Therefore, it improves the optimal inventory decision and impacts the expected profit of the retailer. In the examples we have considered, see ( §4), the increase in the expected profit is as high as 5.1% to 6.6%. Thus, the price information of the asset is useful irrespective of whether the decision-maker wishes to hedge the inventory risk.
With regard to hedging, we note that while models in the existing literature on inventory theory consider both risk-neutral and risk-averse decision-makers, none have studied the impact of hedging on decision-making. According to the received theory, a risk-neutral decision-maker is unaffected by the variance of profit, thus should be indifferent towards hedging inventory risk (for example, see Hadley and Whitin 1963 , Lee and Nahmias 1993 , Nahmias 1993 , Porteus 2002 , Zipkin 2000 .
With regards to risk-averse decision-makers, it is well known that the expected utility maximizing quantity ordered will be less than the expected value maximizing quantity (for example, see Seshadri (2000a and 2000b) , Eeckhoudt, et al. (1995) and the papers cited therein). While it seems reasonable to conjecture that risk-averse decision makers will prefer to hedge inventory risk, it is less obvious whether the hedge will also lead to an increase in the quantity ordered.
Our contribution is to show that hedging impacts both types of decision-makers. For risk-averse decision-makers, 1. It reduces the variance of profit and increases expected utility. The reduction in the variance of profit is directly proportional to the correlation of demand with the price of the asset.
2. It provides an incentive to order a quantity that is closer to the expected value maximizing quantity. We prove that this result holds for a wide range of hedging strategies and for all increasing concave utility functions with constant or decreasing absolute risk aversion.
3. The hedging transactions do not require additional investment. On the contrary, the funds required to finance inventory at the beginning of the planning period are offset by the cash flows from the hedging transactions, so that the net inventory investment of the firm is reduced.
The last result shows that hedging is useful even to a risk-neutral decision-maker although he/she may not be interested in reducing the variance of profit in a perfect market. (When there are market imperfections, for example if bankruptcy is costly, then even a risk-neutral decision-maker may prefer to purchase insurance). Thus, hedging is especially useful to small privately owned firms, e.g., the so-called "Mom and Pop" retail stores, because risk reduction provides them access to capital, reduces the cost of financial distress, and enables the owners to diversify their risk and increase their return on investment. This paper is also related to the real options literature. The real options literature deals with the use of risk-neutral valuation principles to price options embedded in the deployment and use of real assets (see Hull 2002: chapter 28) . For example, Dasu and Li (1997) , Huchzermeier and Cohen (1996) , Kogut and Kulatilaka (1994) , Kouvelis (1999) consider the valuation of real options wherein the cashflows from real assets depend upon the price of a traded security, such as the exchange rate. Other authors including Birge (2000) , Brennan and Schwartz (1985) , MacDonald and Siegel (1986) , Triantis and Hodder (1990) and Trigeorgis (1996) consider the valuation of real options using the assumption that the cash flows from a base case scenario and/or a portfolio of marketed securities can be used to replicate the cash flows from the real option. When this assumption holds, the value of the option can be set equal to the value of the replicating portfolio (this assumption is called the Marketed Asset Disclaimer, see Copeland and Antikarov 2001, p. 94) . Our paper differs from this literature in three respects. First, we do not focus on valuation. Instead, we focus on the interaction between real options and financial hedging by analyzing how the optimal inventory decision changes with hedging and with the degree of correlation of demand with the underlying asset. Second, we use neither the marketed asset disclaimer nor the assumption that the cashflows corresponding to each inventory level are traded in a perfect market to derive our results. Instead, as set out in the first paragraph of the paper, we not only justify the application of risk-neutral valuation by demonstrating the correlation of demand with financial assets but also show in §4 how to incorporate this information in a forecasting model to plan inventory.
The paper is organized as follows. We set up the framework of our analysis in §2 by using a model in which demand is perfectly correlated with the price of an underlying asset. In §3, we analyze the model with partial demand correlation and establish the properties of the hedged payoff function resulting from the newsvendor model. In doing so, we prove several new properties of hedging transactions when the risk is partially observed. Section 4 presents a numerical example to illustrate the results of our model. Section 5 concludes the paper with directions for future research.
2 Demand perfectly correlated with the price of a marketable security We consider a single-period, single-item inventory model with stochastic demand. To establish the basic ideas, we first consider the scenario in which the demand forecast for the item is perfectly correlated with the price at time T of an underlying asset that is actively traded in the financial markets. Let p denote the selling price of the item, c the unit cost, s the salvage value, I the stocking quantity, and D the demand. The firm purchases quantity I at time 0 and demand occurs at a future time T . Demand in excess of I is lost, while any excess inventory is liquidated at the salvage price of s. This setup is well-known as the newsvendor model in the operations management literature (see Lee and Nahmias 1993 for a review) . Its cashflows at times 0 and T , respectively, are Π 0 (I, D) = −cI, and Π
Let S 0 be the current price of the asset, S T be its price at time T , and r be the risk-free rate of return per annum. We assume that financial market is complete and has a unique risk neutral pricing measure. 3 . Let E N denote the expectation under the risk neutral probability measure.
Thus, we have S 0 = e −rT E N S T . To distinguish expectation under the RNPM from expectation under the decision-maker's subjective probability measure, we shall denote expectation under the subjective measure by E [·] .
Since the demand is perfectly correlated with S T , we specify it as D = a + bS T , where a and b are constants. We assume that b > 0 to ensure that the demand is non-negative. We also assume that I > max{a, 0}, otherwise Π T (I, D) would be a deterministic quantity equal to p max{a, 0}
and no risk-analysis would be required.
Substituting the demand forecast in (1) and simplifying the expression for Π T , we get
The last step follows from the fact that min{x, y} = x − max{x − y, 0} for any x, y ∈ .
Note that Π T is an attainable claim in the financial market, and its value at time 0 is uniquely given by its expectation under the RNPM. 4 Therefore, we shall use the RNPM to compute the 3 This assumption can be relaxed further because market completion is not a necessary condition. All we need is that the no-arbitrage principle should hold in the market and that the claim ST should have a unique price at time 0 (see Pliska 1999: chapter 1). 
The hedging transactions are as follows:
At time 0
The payoff from these transactions at time 0 is
buy inventory, short sell asset, buy call option, borrow cash.
And at time T ,
Here, (I − a)/b) is the exercise price of the call option required for the hedge. We find that the payoffs from the call option, the asset, and the loan at time T exactly offset the payoff from sales, so that the net payoff at time T is zero. Therefore, the profit is given by the payoffs at time 0. Let Π H (I) denote its value. From (3) and (4), we have
Thus, we observe that for any stocking quantity I,
It is well-known that E N [Π(I, D)] is strictly concave and has a unique maximum under any proba-
, we observe that I * also maximizes the expected value of the hedged newsvendor profit function Π H (I).
Thus, our analysis shows that the hedging transactions eliminate the inventory risk regardless of the value of I and the distribution of S T . Further, the hedging transactions are efficient since the hedged profit is identical to the expected unhedged profit under the RNPM. Finally, the optimal inventory decision that maximizes the value of the firm remains the same irrespective of whether it chooses to hedge its market exposure.
The use of the RNPM to find the optimal inventory level, I * , for demand perfectly correlated with the price of a marketable security can be justified by using arbitrage pricing theory. Example 1 below presents this argument and example 2 illustrates our analysis.
Example 1: Arbitrage argument to justify the use of the RNPM. A retailer sells a product whose demand is perfectly correlated with the price of an underlying asset. Under the retailer's subjective probability measure, the present value of the maximum expected profit is $80 at the inventory level I * = 40 units. But the profit under the RNPM for the same inventory level is known to be $100. We present the following alternative to this retailer: we pay the retailer $85 plus the cost of inventory investment today in exchange for all future cash flows from the store.
This is acceptable to the retailer because $85 is higher than $80. We then hedge the cash flows from the store completely using the underlying financial asset. By doing this, we realize an immediate profit of $100 -$85 = $15.
Similarly, if the present value of the maximum expected profit under the retailer's subjective measure is $100 (and I * = 40 as before) whereas we know that the present value of the expected profit for this inventory level is $80 under the RNPM, then we present the following alternative to the retailer: pay us $85 now and we will finance the inventory and pay you all future cash flows from the store. This is acceptable to the retailer because she believes that she obtains a present value of $100 for an investment of $85. We then replicate the cash flows corresponding to the inventory level of 40 units using the underlying financial asset and make an immediate profit of $5.
Example 2: Let S 0 = $50, r = 10% per annum, and S T have a log-normal distribution with µ = 10% per annum and σ = 35% per annum. Let T = 6 months. Let the demand for the item be 10S T , i.e., demand is zero if the financial asset's price at the end of six months is zero, and it increases by 10 units for every $1 increase in the price of the asset. Let the cost of each item be $6
and its selling price be $10. Excess inventory has no salvage value.
Applying the newsvendor solution, we find that the optimal inventory level is 470 units. This corresponds to an expected profit of $1416.08 under the risk-neutral probability measure and a standard deviation of profit of $432.40.
Based on our hedging solution, the payoff from the inventory level of 470 units should be hedged by a short sale of 100 stocks and a purchase of 100 call options with the exercise price of $47 and settlement date six-months hence. The cost of a call option is given by the Black-Scholes formula to be $7.6392. With this hedge, the net payoff after 6 months is zero in all states of nature, and the total profit to the firm at time 0 is $(5000 -2820 -763.92) = $1416.08. Thus, after hedging its inventory risk, the firm earns a sure profit of $1416.08.
We find that the hedged profit is equal to the expected value of the unhedged profit under the risk neutral probability measure for all inventory levels, and is also maximized at 470 units. It has zero variance for any inventory level because we are able to construct a perfect hedge. The investment is zero in this example and will similarly be zero in all cases when there is perfect correlation. Moreover, there is no need to revise the hedge as time goes by.
3 Demand partially correlated with the price of a marketable security We now consider the case when demand is not perfectly correlated with the price of the underlying asset. We assume that the demand forecast for T periods hence has the form
where is an error term independent of S T such that E[ ] = 0 and E[ 2 ] < ∞. We define = /b
we assume that b > 0 and the amount of inventory, I > max{a, 0}. Additionally, we assume that a is sufficiently large so that the probability of demand being negative is negligible. While b gives the slope of demand with respect to S T , a and could be obtained from the firm's subjective forecast as shown in §4 in equation (19) . UsingS T , the unhedged newsvendor profit can be computed analogous to the case of perfectly correlated demand as
Suppose we hedge this payoff by short selling (p−s)bα units of the asset and by purchasing (p−s)bβ units of call options with exercise price of (I − a)/b and settlement date T . We shall refer to α and β as the hedge ratios.
We find that the hedged payoff is no longer deterministic. It is natural to split it into two components, the payoff at time 0, and the payoff at time T . The payoff at time 0 is given by
where C((I − a)/b) denotes the cost of a call option as before. The corresponding payoff at time T is given by
Let the present value of the total hedged profit discounted at the risk-free rate be denoted as
. From (7) and (8),
Similar to the case of perfectly correlated demand, we find that the expectation under the RNPM of the hedged profit is equal to the expectation under the RNPM of the unhedged profit for any stocking quantity I, i.e.,
Here, we use the facts that E N [S T ] = S 0 e rT and C((
under the risk neutral probability measure.
Therefore, from the concavity of the expected profit function in I, it follows that if I * maximizes the expected value under the risk neutral probability measure of the newsvendor profit function
, then I * also maximizes the expected value under the same probability measure of the
These observations hold for all values of α and β. However, a no-arbitrage argument for the use of RNPM to compute the optimal inventory level and profit cannot be given because the hedge is not perfect, i.e., the hedged profit is stochastic.
Minimum Variance Hedge Ratio
From hereforward, we assume that the decision maker is risk-averse. In this section the objective is to determine the values of α and β that minimize the variance of the profits at time T for a given inventory level I. Minimization of variance is appropriate when the expected utility of the decision-maker can be defined using just the mean and the variance of the profit function. This representation of utility has been extensively used in the financial theory since its development by Markowitz (1952) . It holds if any one of the following conditions is true: (1) if the utility function of the firm is quadratic; (2) if the profit function of the firm is normally distributed; (3) if the small gambles framework applies so that the utility function of the firm can be approximated by a quadratic function, see Huang and Litzenberger (1988: chapter 3) .
By minimizing the variance for given values of I, we obtain a mean-variance frontier of the profit function. This frontier defines the set of efficient choices that the firm can make by trading off the mean against the variance of its profit. Since the analysis is conducted for a risk-averse decision-maker, we shall henceforth use the subjective probability measure. For simplicity, we shall denote the exercise price of the call option (I − a)/b by s p , and ignore the constant scale factor
The problem of minimizing the variance of Π T H (I, D) is formulated as
Since is independent of S T , it follows that Cov(S T , S T ) = Var(S T ) and Cov(S T , max{S T −s p , 0}) = Cov(S T , max{S T − s p , 0}. Expanding (9) and using this simplification, we obtain
+ terms independent of α and β ] .
Let
, and
Ignoring the terms independent of α and β, we rewrite (10) as
Proposition 1. If s p > 0, then the function in (11) is strictly convex in α and β, and the minimum variance hedge is obtained by setting
Proof: Please see Appendix.
We note without proof that the values of α and β are always non-negative, i.e., the hedging transactions always consist of a short-sale of the asset and a purchase of call options (the interested reader is referred to the working paper on the authors' websites). This implies that the payoffs from these two transactions offset each other, so that the market exposure of the firm is reduced.
Moreover, the sale of the asset at time 0 provides cash to finance the investment in inventory. Thus, the net investment required by the firm is lowered and its return on investment is increased. The numerical example in section 4 illustrates these effects.
Remark: When demand is partially correlated with the price of the underlying financial asset, the demand forecast may change with time as new information is revealed. As a result, the values of α and β may also change. Thus, the decision-maker may revise the hedge in order to reduce risk even if the inventory commitment remains fixed. The benefits of revising the hedge possibly increase when inventory commitments can be changed or can be made at more than one time epoch.
Risk Aversion
In this section we model the general case of a risk-averse decision maker. We first show that a risk averse decision-maker prefers the hedged newsvendor payoff to the unhedged newsvendor payoff for any given stocking quantity and a wide range of hedging strategies including the ones discussed in the previous sections. For this result, we make the following technical assumptions (see Merton 1973 ): all individuals have homogeneous beliefs, there is at least one risk-neutral individual, the markets are complete, and the decision-maker's utility function is increasing, concave, and twice differentiable.
We assume that the decision-maker constructs a hedging portfolio from the securities traded in the market. Let X T (s p ) denote the random payoff at time T from this portfolio, and X 0 (s p ) denote its price at time 0. The design of the hedging portfolio may depend on the inventory level, therefore, X T is expressed as a function of s p . In order that the hedge behaves sensibly, we assume that X T (s p ) is a monotone increasing function of S T and I, it is differentiable with respect to S T and I, and that ∂X T /∂I is decreasing in S T . The hedging strategies considered in the previous sections, i.e., a short sale of the underlying asset and a purchase of call options at the exercise price s p , satisfy these assumptions for all non-negative values of the hedging ratios. Further, there could be other strategies meeting these assumptions as well. For example, we may now generalize the hedging strategies considered in the previous sections to permit the exercise price of the call option to be different from s p .
Suppose that the risk-averse firm shorts an amount (p − s)bα of this portfolio, so that its total payoff at time T from the newsvendor function and the hedging transactions is Π
Here, α = 0 gives the unhedged payoffs, and values of α > 0
give different degrees of hedging.
To facilitate comparison between the hedged and unhedged payoffs, we transfer all uncertain payoffs at time T to time 0 by discounting them at the appropriate risk-adjusted rates of return under the market's common belief. Thus, we have
Here, r 1 (s p ) denote the risk-adjusted rate of return on X T (s p ) under the common belief, and r 2 (s p ) similarly denote the risk-adjusted rate of return on min{S T , s p }. The values of r 1 (s p ) and r 2 (s p ) can be obtained under the Capital Asset Pricing Model (Merton 1973) . As before, r denotes the risk-free rate of return.
Let E[·] denote the expectation under the common belief of the market. We have
Intuitively, the first equality holds else a risk neutral individual will either buy or sell the claim X T at its market price (and thus, change its price). The second equality holds by standard pricing argument.
In the rest of this section, let
We ignore the constant (p − s)b for ease of presentation. Please refer to the appendix for all the proofs.
Proposition 2. For any increasing, concave and differentiable function u : R → R,
In words, the expected utility of the unhedged profit to the decision maker is increasing in the hedge ratio.
This proposition establishes that a risk-averse decision-maker prefers to hedge the profit function for any stocking quantity I. However, the question remains whether the optimal stocking quantity chosen by a risk-averse decision-maker increases or decreases when he/she decides to hedge the newsvendor risk. The following proposition addresses this question. For this result, we additionally assume that the decision maker's utility function displays constant or decreasing absolute risk aversion. The Arrow and Pratt measure of absolute risk aversion of a utility function u(·) of wealth w is defined as the ratio R A (w) = −u (w)/u (w) (Arrow 1971) . Note that R A (w) is always nonnegative for an increasing concave utility function. The utility function is said to display decreasing absolute risk aversion when R A (w) is decreasing in w, and constant absolute risk aversion when
Let I * (α) ≡ arg max I {E[u(Π(I, α, S T , ))]} denote the stocking quantity that maximizes expected utility for a given value of α. Also letᾱ be the largest value of α such that the total payoff to the firm at time T is non-decreasing in S T . We focus attention on hedging ratios in the range 0 ≤ α ≤ᾱ because higher values of α correspond to overhedging.
Proposition 3. For any increasing, concave and differentiable utility function u : R → R with constant or decreasing absolute risk aversion, dI * /dα ≥ 0 for 0 ≤ α ≤ᾱ.
This proposition shows under very general conditions that the optimal stocking quantity increases with hedging. In particular, it does not require the specification of the functional forms of the utility function or the hedging transaction.
Numerical Example
In this section, we quantify the impact of our method on the expected profit, risk reduction and return on investment using a numerical example. We also show how the benefits of hedging change with the degree of correlation of demand with the price of the underlying financial asset, and with the volatility of the asset price. The example is based on sales data for computer games CDs sold at a consumer electronics retailing chain.
We are given the following datasets:
1. A fit sample consisting of historical monthly forecasts and sales data for 42 items for one year aggregated across all stores in the chain. The total number of observations is 216 since all items are not sold in each month.
2. A test sample consisting of demand forecasts for 10 items for one month in the subsequent year.
Let t = 1, . . . , T 1 − 1 denote time indices in the fit sample, and T 2 denote the time index in the test sample, T 2 ≥ T 1 . Let x it and y it , respectively, denote the forecast and the unit sales for item i in month t across all stores, and S t denote the value of the S&P 500 index at the end of month t. We first fit a forecasting equation to the fit sample. Then, using the estimated parameters, we compute the optimal inventory level, the hedging parameters, the expected profit and the standard deviation of profit for the test sample.
To estimate the effect of correlation of demand with S t on the performance variables, we perturb the fit sample by adding independent and identically distributed (i.i.d.) errors ξ it to y it . Let y it = y it + ξ it . Here, ξ it has normal distribution with E[ξ it ] = 0, and the standard deviation of ξ it is taken from the set {3, 6, 9, 12, 15}. Thus, including the original dataset, we have six datasets with different degrees of correlation between S t andŷ it . We label these datasets A, B, ...,F, respectively,
for increasing values of the standard deviation of ξ it .
For each of the 6 datasets in the fit sample, we estimate the following forecasting equations using linear regression.ŷ
Here, the error terms, it and it , are assumed to be i.i.d. normally distributed. The coefficients m 1 , m 2 , m 1 , m 2 and b are assumed to be identical across items and over time for simplicity. Note that the comparison between (17) and (18) remains fair when ξ it are added to y it . Table 2 shows the estimation results obtained. The coefficient of S t is statistically significant (p < 0.001 in each case), showing that (17) is more appropriate than (18) for modeling demand. However, note that while (17) has a higher R 2 , it does not imply a lower forecast error because S t is a random variable.
Thus, the benefit of using (17) is that it provides a method to incorporate market information in forecasting demand, not that it reduces forecast error.
We compute the volatility of the S&P 500 index using 90 days of historical data prior to the time of inventory decision for month T 2 by the method given in Hull (2002: Section 11.3). The volatility is given by the standard deviation of log(S d /S d−1 ), where S d is the closing value of the index for day d. The value of the daily standard deviation is obtained as 1.3984%, and the annual standard deviation as 22.1982% assuming 252 trading days in the year. The risk-free rate of return is assumed to be 5% per year.
Optimal Inventory Level and Expected Profit:
Using the estimates of model (17), the demand forecast for item i in the test sample can be written as
where a = m 1 + m 2 x iT 2 . We compute the optimal inventory level and the profit with and without hedging in this model. As a benchmark, we compute the inventory level and profit model (18). Note that in this model, the demand forecast for item i in the test sample is given by m 1 + m 2 x iT 2 + iT 2 . (18) changes the inventory decision significantly and increases the expected profit by 5.1 to 6.6% for different datasets. This increase is due to the following reasons.
1. The two models use different probability distributions for the forecast error. In (18), the forecast error it is normally distributed, whereas in (17), the distribution of the forecast error is a convolution of the lognormal distribution of S t and the normal distribution of it .
Since the lognormal distribution is skewed to the right, the convolution results in a higher inventory level. See Fig. 3 for a histogram of the demand distribution and Fig. 4 for a Q-Q plot of the demand distribution.
2. In model (17), up-to-date information from the financial markets has been used to augment the firm's historical data. Thus, forecasts based on (17) adjust to changes in S t . When the market moves up, the forecasts are revised upwards, and vice versa.
The inventory decisions based on (17) adjust not only to changes in the value of S t but also to changes in the volatility of S t . This point is illustrated in the remaining rows of tables 3 and 4.
The scenarios with increasing volatility are created by assuming that the inventory decision is taken 1, 2, . . . , 6 months in advance of time T 2 . Tables 3 and 4 show the inventory level and the expected profit for each value of volatility of S t for each dataset. We observe that model (17) enables the decision maker to respond to the increase in volatility of S t by increasing the inventory level while model (18) does not.
The expected profit decreases with an increase in the volatility of S t . The percent improvement in expected profit from using model (17) also decreases with an increase in volatility. For example, for the first dataset, it declines from 6.6% to 5.9% as the horizon increases from 1 month to 6 months. The decrease in expected profit is not surprising because it becomes harder to forecast as the time horizon increases. Our result should not be interpreted to imply that (18) is more suitable to model demand than (17) when the volatility of S t is high. On the contrary, hedging gives a greater reduction of risk as the volatility of S t increases, as shown below. Table 5 shows the standard deviation of profit with and without hedging for optimal inventory decisions based on forecasting model (17). As expected, hedging reduces the standard deviation of profit without affecting its expected value. The percent reduction in the standard deviation increases with the volatility of S t and decreases when demand is less correlated with S t . Table 6 shows the initial investment in inventory with and without hedging for each scenario corresponding to table 5. Note that hedging reduces the initial investment by about 60% because the inflow from the short sale of the stock offsets the cash required for buying inventory and call options. Further, the investment decreases as the volatility of S t increases. This is surprising because we would expect both the amount of inventory and the price of the call option to increase with volatility, resulting in larger investment. However, we find that α increases with volatility.
Risk and Investment:
Thus, a larger quantity of the underlying asset is sold short, offsetting the additional investment required in inventory and call options.
Therefore, from tables 5 and 6, we conclude that the benefits of hedging increase with the volatility of S t . Interestingly, this implies that items with longer lead times will benefit more from hedging than those with shorter lead times.
Risk-averse Decision-maker:
A risk-averse decision-maker can use a mean-variance frontier to trade off the mean profit against the standard deviation of profit and make his/her inventory decision. Figure 5 shows the mean-variance frontier for one item in the test sample with and without hedging. Note that the efficient frontier with hedging always lies above the frontier without hedging, showing that the risk-averse decision-maker prefers to hedge the newsvendor risk.
To evaluate the effect of hedging on the optimal inventory decision of the risk-averse decisionmaker, we assume the expected utility representation E[u(
, where w denotes wealth. The value of ρ is taken as 0.01. Table 7 presents the inventory levels that maximize the expected utility for each of the 10 items in the test sample with and without hedging. Observe that hedging increases the optimal inventory level. It brings the inventory level closer to the expected value maximizing quantity, restoring efficiency in the market.
Conclusions
We have analyzed inventory decisions using the newsvendor model when demand is correlated with the price of a financial asset. We utilize not only the retailer's subjective forecasts and historical data, but also the price information of the financial asset to make the inventory decision. Doing so improves the inventory decision, enables the firm to respond to changes in the price or the volatility of the asset, and also provides the basis for hedging the inventory risk. Hedging reduces the variance of profit, increases the utility of a risk-averse decision-maker, and our analysis reveals that it also increases the optimal inventory level under CARA or DARA preferences. Our numerical analysis shows that hedging is more beneficial when the price of the underlying asset is more volatile or the product has a longer order lead time.
This model could be extended to incorporate macroeconomic variables such as interest rates and foreign exchange prices that provide demand signals. It may also be customized for specific businesses by using more securities from the equities market, such as sector specific indices or portfolios of firms in similar businesses. Further, the evolution of the price of the underlying asset may be used to update the demand forecast and modify order quantities even in the absence of early demand data (Fisher and Raman 1996) .
Our analysis of the effects of financial hedging on operational decisions may be extended to other problems that have been considered in the real options literature, such as production switching (Dasu and Li (1997) , Huchzermeier and Cohen (1996) , Kouvelis (1999) ), capacity planning (Birge 2000) and global contracting (Scheller-Wolfe and Tayur 1999).
Appendix
Proof of Proposition 1: The Hessian of (11) is
The diagonal elements 2A and 2E are greater than zero. The determinant of the Hessian is
Let ρ X,Y denote the correlation between the random variables X and Y . Then
can be written as ρ 2 S T ,max{S T −sp,0} and is strictly less than 1. Thus, from (20),
Thus, the Hessian is positive definite, so that the function in (11) is strictly convex in α and β.
The expressions for α and β can be computed from the first order conditions for an optimum. 2
The following lemma is useful for proving Propositions 2 and 3.
Lemma 1. Let X be any random variable, and f : → be a decreasing function such that
Proof: Let G(X) denote the cumulative distribution function of X. If f (x) ≥ 0 for all x, then the result holds trivially. If f (x) < 0 for some x, then because f (x) is decreasing in x, there exists x 0 such that f (x) > 0 for all x < x 0 and f (x) < 0 for all x > x 0 . Then,
≥ 0.
Proof of Proposition 2:
To prove Proposition 2, it is sufficient to show the stronger inequality
Notice that [−X T e −r 1 (sp)T + X 0 ] is a decreasing function of S T . Also, from (15),
And u (·) is a decreasing non-negative function of S T at α = 0. All conditions of Lemma 1 are satisfied. Therefore, we apply Lemma 1 and obtain the required result. 2
Proof of Proposition 3:
The first order condition for the maximization of expected utility w.r.t.
I for a given value of α is
Taking the partial derivative with respect to α, we get
Thus,
We first note that the denominator of (22) is always negative because of concavity of the utility function and concavity of the profit function.
Now consider the numerator of (22). The value of the first term in the numerator for different values of S T and is given by
The value of this derivative at α = 0 is
This implies that ∂ ∂I s p e −r 2 (sp)T > c 1 else the derivative ∂Π/∂I will be negative for every demand realization for the unhedged newsvendor and the problem will be trivially solvable at I = 0. Thus, the derivative ∂Π/∂I is negative for small values of S T and positive for large values.
Now consider the expectation of u (Π)(∂Π/∂I)(∂Π/∂α) conditional on .
where we have substituted the value of ∂Π/∂I from (23).
The first integral: Notice that ∂Π/∂α = −X T (s p )e −r 1 (sp)T + X 0 (s p ) is a decreasing function of
Also, R A (Π) and u (Π) are decreasing and non-negative functions of S T for 0 ≤ α ≤ᾱ (i.e., if the firm does not overhedge). Thus, applying Lemma 1, we find that the first integral is strictly positive.
The second integral: R A (Π) and u (Π) are non-negative constants because Π does not vary with
Moreover, from (15), E[∂Π/∂α] = 0. This and the fact that ∂Π/∂α is a decreasing function of S T give us
The third and fourth integrals: In the fourth integral, notice that all the terms, ∂(X T (s p )e −r 1 (sp)T )/∂I, 
Combining this with the third integral and using (15), we get
Now consider the second term in the numerator of (22).
Taking expectations and using (15), we get
Combining this with the facts that ∂ 2 Π/∂I∂α is a decreasing function of S T and multiplication with u (·) assigns positive and decreasing weights to it, it similarly follows from Lemma 1 that the second term in the numerator of (22) is also non-negative. Thus, dI * /dα ≥ 0 for 0 ≤ α ≤ᾱ. 2 Note:
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(1) The analysis uses monthly data for 13 months from November 2000 to November 2001 for each sector. The dependent variable is the growth rate of same store sales during the month with respect to the same month in the previous year. The independent variable is the annual return on the S&P 500 index for the same period. (2) The standard errors of the parameters are reported below the corresponding parameter estimates. Note: In the first cell, the standard deviation of profit without hedging for the inventory level of 179 units is 215.39, and the standard deviation of profit with hedging for the same inventory level is 188.78. Thus, there is a 12.4% reduction in the standard deviation of profit due to hedging. The other cells follow the same pattern. Note: In the first cell, the investment at time 0 without hedging for the inventory level of 179 units is $3503.10, and the investment at time 0 with hedging for the same inventory level is $1458.47. Thus, there is a 58.4% reduction in the investment requirement due to hedging. The other cells follow the same pattern. Note: The Redbook Year-on-Year (YoY) Same Store Sales Growth Rate is computed as the growth rate of same store sales during a month with respect to the same month in the previous year. We use time-series data for 25 months from November 1999 to November 2001. We compute 3-month moving averages to reduce autocorrelation. 
